Let L denote operator generated in L 2 .R C ; E/ by the differential expression l.y/ D y 00 C Q.x/y; x 2 R C WD OE0; 1/; and the boundary condition .
INTRODUCTION
Let us consider the boundary value problem .BVP/ u 00 C q .x/ u D 2 u ; x 2 R C ;
(1.1) u .0/ D 0 ; (1.2) in L 2 .R C / ; where q is a complex-valued function. The spectral theory of the BVP (1.1)-(1.2) with continuous and point spectrum was investigated by Naimark [20] . He showed the existence of the spectral singularities in the continuous spectrum of the BVP .1:1/-.1:2/ : Note that the eigenfunctions and the associated functions (principal functions) corresponding to the spectral singularities are not the elements of L 2 .R C /. Also, the spectral singularities belong to the continuous spectrum and are the poles of the resolvent's kernel, but are not the eigenvalues of the BVP .1:1/-.1:2/. The spectral singularities in the spectral expansion of the BVP .1:1/-.1:2/ in terms of the principal functions have been investigated in [19] . The spectral analysis of the quadratic pencil of Schrödinger, Dirac and Klein-Gordon operators with spectral singularities were studied in [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The spectral analysis of the non-selfadjoint c 2014 Miskolc University Press 526 DENIZ KATAR, MURAT OLGUN, AND CAFER COSKUN operator, generated in L 2 .R C / by .1:1/ and the boundary condition
where˛i ;ˇi 2 C, i D 0; 1 with˛0ˇ1 ˛1ˇ0 ¤ 0 were investigated in detail by Bairamov et al. [9] . The all above mentioned papers related with the differential and difference equations are scalar coefficients. Spectral analysis of the self-adjoint differential and difference equations with matrix coefficients are studied in [3, [10] [11] [12] [13] .
Let E be an n-dimensional .n < 1/ Euclidian space with the norm k:k and let us introduce the Hilbert space L 2 .R C ; E/ consisting of vector-valued functions with the values in E. We will consider the BVP
It is clear that, the BVP .1:3/-.1:4/ is nonselfadjoint. In [14, 21] discrete spectrum of the non-selfadjoint matrix Sturm-Liouville operator and properties of the principal functions corresponding to the eigenvalues and the spectral singularities were investigated.
Let us consider the BVP in
. for 2 N C C , where the kernel matrix function K.x; t / satisfies
Moreover, K.x; t / is continuously differentiable with respect to its arguments and
where . 
Let us define the following functions:
where N C˙D f W 2 C;˙Im 0g : It is obvious that the functions D C . / and D . / are analytic in C C and C , respectively, and continuous on the real axis. 
We will show the set of eigenvalues and the set of spectral singularities of the operator L by d and ss ; respectively. Let us suppose that H˙. / D det D˙. /:
where R D Rn f0g :
We see from that, the functions
are the solutions of the boundary problem (1.
Now let us assume that
Theorem 1. Under the condition (3.10), the operator L has a finite number of eigenvalues and spectral singularities, and each of them is of finite multiplicity.
PRINCIPAL FUNCTIONS OF L
Under the condition (3.10), let 1 ; :::; j and j C1 ; :::; k denote the zeros H C in C C and H in C (which are the eigenvalues of L) with multiplicities m 1; :::; m j and m j C1; :::; m k ; respectively. It is obvious that from the definition of the Wronskian Theorem 2. The following formulae: hold.
Proof. We will prove only (4.3) using the method of induction, because the case of (4.5) is similar. Let be n D 0: Since K C .x; / and E.x; / are linearly dependent from (4.1), we get
where f 0 . p / ¤ 0: Let us assume that 1 Ä n 0 Ä m p 2; (4.7) holds; that is,
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We will prove that (4.3) holds for n 0 C 1: If Y .x; / is a solution of (1.5), then
x; / D 2 n @ n 1 @ n 1 Y .x; / C n.n 1/ @ n 2 @ n 2 Y .x; /: (4.9) Writing (4.9) for K C .x; / and E.x; /, and using (4.8), we find l.U n;p / C 1 1Š @ @ l.U n 1;p / C 1 2Š @ 2 @ 2 l.U n 2;p / D 0; n D 2; 3; :::; m p 1; hold, where l.u/ D u 00 C Q.x/u 2 u and @ m @ m l.u/ denote the differential expressions whose coefficients are the m-th derivatives with respect to of the corresponding coefficients of the differential expression l.u/: (4.16) shows that U 0;p is the eigenfunction corresponding to the eigenvalue D p I U 1;p ; U 2;p ; :::U m p 1;p are the associated functions of U 0;p [16, 17] . Proof. Let be 0Ä n Ä m p 1 and 1 Ä p Ä j: Using (2.5) and (3.10), we obtain that
where c > 0 is a constant. Since Im p > 0 for the eigenvalues p ; p D 1; 2; :::; j; of L; implies that @ n @ n E.x; / So we get U n;p 2 L 2 .R C ; E/ from (4.14) and (4.20) Similarly we prove the results for 0 Ä n Ä m p 1; j C 1 Ä p Ä k: This completes the proof. Let 1 ; :::; v and vC1 ; :::; l be the zeros of D C and D in R with multiplicities n 1 ; :::; n v and n vC1 ; :::; n l; respectively. We can show
n D 0; 1; :::; n p 1; p D 1; 2; ::: 
Now define the generalized eigenfunctions and generalized associated functions corresponding to the spectral singularities of L by the following :
(4.24) n D 0; 1; :::; n p 1; p D 1; 2; :::; v; Proof. For 0 Ä n Ä n p 1 and 1 Ä p Ä v using (2.3), we obtain @ n @ n E.x; / D p Ä .ix/ n e i p x I C 1 Z x .i t / n K.x; t /e i p t dt since Im p D 0; p D 1; 2; :::; v; we find that
So we obtain V n;p … L 2 .R C ; E/; n D 0; 1; :::n p 1; p D 1; 2; :::; v: Using the similar way, we may also prove the results for 0 Ä n Ä n p 1; v C 1 Ä p Ä l: and H n is isomorphic to the dual of H n :
Theorem 5. Consequently V n;p 2 H .nC1/ for 0Ä n Ä n p 1 and 1 Ä p Ä v: Similarly, we obtain V n;p 2 H .nC1/ for 0Ä n Ä n p 1 and v C 1 Ä p Ä l.
Let us choose n 0 D max fn 1 ; n 2 ; :::; n v ; n vC1 ; :::; n l g : By (4.28), we get the following 534 DENIZ KATAR, MURAT OLGUN, AND CAFER COSKUN Theorem 6. V n;p 2 H n 0 ; n D 0; 1; :::n p 1; p D 1; 2; :::; v; v C 1; :::; l:
